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Question 1 [20 points]

(a)

If a random wvariable has finite second moments, it has finite moments at all highest
orders.

False. A Student’s t-distribution with 3 degrees of freedom has a finite second moment
but no moments of order 3 or above.

Any stationary process of order 5 is also stationary of order 2.
True. Suppose that {X;}ier satisfies stationarity of order 5. That is,
(i) E(JX¢°) < oo, for all t € T

(i) BIX; ... Xor] = BEX[, ... X", ] for any k& > 0, any subset {t1,...,t,} € T"

and all non-negative integers mq,...,m, s.t. m;y +mo +---+m, <5.

5/2 we have

By Jensen’s inequality and the convexity of the map z — z

[E (‘Xt‘2)]5/2 <E [(‘Xt|2)5/2} - B (|Xt‘5) (%)OO

implying that E(|X;|?) < oo. Next, for any k& > 0, any subset {t;,...,t,} € T™ and

all non-negative integers my,...,m, s.t. my +mg + -+ m, < 2, it is trivially true
that my + mg + --- + m, < 5. Therefore, by (ii) above, we have E[X;" ... X[""| =
E[X,Tjrk .. -X[Zlk]-

Any strictly stationary process is in Lo.

False. Suppose that {y;}°, is a sequence of i.i.d. random variables each of which
follows a Student’s t-distribution with 2 degrees of freedom. The i.i.d. assumption
implies strict stationarity. Yet, each y; does not possess a finite second moment.
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(d) The Wold theorem holds for finite-order moving average processes but not autoregressive

processes.
False. The theorem holds for all second-order stationary processes which do include

moving average processes and which do not exclude autoregressive processes.

(e) Non-invertible moving processes have no covariance generating function.
False. For example, take X; = u; — 2u;_; where u; ~ WN(0,0?). Then, {X;} is not
invertible but has covariance generating function z — o?(1 — 22)(1 — 2271).

Question 2 [20 points]

Let (k) the autocovariance function of second-order stationary process on the integers.
Prove that:

(a) v(0) = Var(X;) and v(k) = v(—k), for all k € Z;
(b) [v(k)| <~(0), V& € Z;
(c) the function (k) is positive semi-definite.

Proof.

(a) By definition, we have Cov(X;, Xy) = v(t — s) for all s,t € T. By the second-order
stationarity, the autocovariance function v is well-defined. In particular,

7(0) = Cov (X, X¢) = Var(Xy)
and (s below is any integer)

’Y(k) = COV(X57X5+I<:) = COV(XerkaXs) = 7(8 - (8 + k)) = Py(_k)

(b) That |y(k)| < 7(0) is a consequence of the Cauchy-Schwarz inequality. We provide
here a direct proof for completeness. With a fixed £ € Z and any z € R, we have

0 < Var(X, — 2X,11) = Var(X,) — 22 Cov(Xy, Xeix) + 2% Var(X, ).

The rightmost expression above is a quadratic polynomial in z so it is nonnegative for
all real z iff the discriminant is nonpositive:

0 < [-2Cov(X,, Xei1)]? — 4 Var(X,) Var(X,, ) <= ~(k)* < ~(0)?

from which |y(k)| < |y(0)| = v(0) follows immediately.



(c) We have to show that: for any positive integer N and for all vectors a = (ay,...,an)" €
RY and 7 = (t1,...,ty) € TV, it holds that Zf\il Zjvzl a;a;y(t;—t;) > 0. This follows
by considering Z = a1 Xy, + - - - anX;,. We have

N N
0 < Var(Z) = Cov(Z,Z) = Cov ZaiXtm Zanti
i=1 j=1

N

N N N N N
= Z Cov(a; Xy, a;Xy,) = Z Z aa; Cov(Xy, Xy,) = Z Z a;a;y(t; —tj).

i=1 j=1 i=1 j=1 i=1 j=1
[
Question 3 [60 points]
Consider the following models:
Xy =10+ u; — 0.75u4—1 + 0.125u4_o, (1)
where {u; : t € Z} is an i.i.d. N(0, 1) sequence. Answer the following questions.
(a) Is this model stationary? Why?
Answer. Stationarity is automatic for all finite-order MA processes. m

(b) In this model invertible? Why?

Answer. Write the process in (1) as
Xt = U+ u — 011/471 — 021/4,2, n = 10, (91 = - 92 = ——.

This MA(2) process is invertible because §(z) = 1 — 612 — 652% has 2 roots: 2 and 4,
which are both outside the unit circle. ]

(c) Compute:
Hoy(k), k=1,....8;
ii. p(k), k=1,...,8.
Answer. We have:

i. B(X,) =p=10.



ii. We have

2(0) = Var(X,) = o2(1 + 62 + 62) — %
9 27
Y(1) = 0% (=61 + 616,) = 35
12 = *(=02) = 5,
1B3)=74)=---=7(08) =0
iii. It follows that
p(0) = 1;
(1) 54
_ 2 _ 8
p(2) = W 101’
p(3) =p(4)=---=p(8) =0
[
(d) Graph p(k), k=1,...,8.
Answer.
[

(e) Find the coefficients of wu;, w1, u;_2, us—3, and u;_4 in the moving average represen-
tation of X;.

Answer. This is trivial for an MA(2) process: the coefficients of w;, w1, w2, U3,
and u,;_4, respectively, are 1, —%, %, 0, and 0. O

4



(f) Find the autocovariance generating function of X;.

Answer. The autocovariance generating function is

() = 120(2)0(1 /) = B2+ 2)(0 =62 +827)

6422
(g) Find and graph the spectral density of Xj.
Answer. The spectral density is
I 4 101 — 108 cos(w) + 16 cos(2w)
- — —9(e™V(e W) = .
) = 50()0() o)

which we can graph as

(h) Compute the first two partial autocorrelations of X;.

Answer. Let ¢(k) denote the partial autocorrelation of order k. Then,

o4
101’

N1 p() -
(¢<2)) (pu) 1)



(i)

If Xip = 1 and assuming the parameters of the model are known, can you compute the
best linear forecasts of Xjg, X1, Xi2, and X3 based on Xjg (only)? If so, compute
these.

Answer. The best linear forecast of Xjq is trivially 1 itself. The best linear forecast
for X1 based on Xy is

Pp(Xu|Xi0) = (E(X11) — E(X10)p(1)) + p(1)X10

54 54 1496
10+10— | — —1=="—— = 14.8119.
(0+ 0101) 101 101 S119

Similarly,

Pp(X12|X10) = (E(X12) — E(X10)p(2)) + p(2) X10
3 8 938
(O 0101) R TR T TRt
PL<X13|X10) = (E(Xlg) — E(XIO)p(3)) + ,0<3)X10 = (10 — 10 % O) +0x1=10.

]

If X0 =1, u1o =2, ug = 1, ug = 0.99, u; = 1.2, and assuming the parameters of the
model are known, can you compute the best linear forecasts of Xi1, X2, X3 based on
the history of the process up to X097 If so, compute these.

Answer. Let €; be the information set that is available at period 10. Then, because

XH =10+ U1 — 0.75U10 + 0125ug,
X12 =10+ U192 — 0.75U11 + 0.12511,10,
X13 =10+ Uz — 0.75U12 + 0.125U11;

we have

PioX11 = 10 + E(u11|Q10) — 0.75E (10|ho) + 0.125E (ug|Q10)
=10+ 0 — 0.75 X uyo + 0.125 x ug = 8.625,

PioX1o =10+ 0— 0.75 x 0 + 0.125 x u19 = 10.25,

PioX13 =104 0—0.75 x 0+ 0.125 x 0 = 10.
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