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We study two Durbin—Watson type tests for serial correlation of errors in regression models when
observations are missing. We derive them by applying standard methods used in time series and
linear models to deal with missing observations. The first test may be viewed as a regular
Durbin—Watson test in the context of an extended model. We discuss annrnnnate admctmf-mc that

allow one to use all available bounds tables. We show that the test is loca.lly most powerful
invariant against the same alternative error distribution as the Durbin—Watson test. The second
test is based on a modified Durbin—Watson statistic suggested by King (1981a) and is locally most
powerful invariant against a firsi-order autoregressive process.

1. Introduction

e d o e Ao oot s all PO, PR P PR

1[16 most comimon 1iest dgdlllbl tne autocorreiation Ul CITOTS lll ICgleblUIl
models is the hounds test of Durbin and Watson (1950, 1951, 1971). This test
is easy to compute, exact in small samples (under standard assumptions) and
possesses optimal power properties against first-order serial dependence [see
Durbin and Watson (1950, pp. 423-425; 1971, pp. 13-15), King (1980,
1981a)]. When observations are either missing or excluded from the regression
(e.g. because they are viewed as outliers), there is obviously a difficulty in
performing the Durbin—-Watson (DW) test. The main paper on testing for
autocorrelation when observations are missing is by Savin and White (1978).
They discuss two Durbin—Watson type tests: the d, and d’ tests. The d, test
is a popular solution which consists of dropping from the numerator of the

DW ctatictic all the differences hatwaan ragidnale at the ands af sach oan
/vy SlausSiic ainn Uil GILOICNCES OCiweeh rosiduais al uwie Cids o1 &aln gap.

Though this has intuitive appeal, it also modifies the structure of the test
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statistic and usual tables are not applicable.! The d’ test uses the DW statistic
that one obtains by simply ignoring the presence of gaps in the data. The 4’
statistic yields an exact test for which some of the existing tables can be
applied [e.g., Durbin and Watson (1951), Savin and White (1977)]. 1t is the test
most strongly recommended by Savin and White (1978). Further work by
Richardson and White (1979) on the power of the d’ and d, tests indicates
that none uniformly dominates the other and, in any case, differences are
small.

On the other hand, the d’ test has three less attractive characteristics. First,
the d’ statistic contains comparisons between residuals separated by lags

araatar than ana: clearly thic ic nat g matural fagturae in g tagt againgt
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first-order serial correlation. Second, closing the gaps modifies the structure of
the regressor matrix; consequently, we cannot generally apply specialized
tables, like those published by King (1981b, 1983) for regressions with a trend
or seasonal dummy variables. Third, if we consider the serial dependence
schemes against which the DW test was traditionally gauged, we can obtain
other tests for which we can prove optimal power properties (as we will see
below).

In this paper, we study two alternative Durbin—~Watson type tests that retain
the advantages of the d’ test and avoid its shortcomings. The first one is
obtained by applying standard techniques used in linear models and time
series analysis to deal with missing observations. The test statistic is based on
least-squares residuals and is very easy to compute from widely available
programs. One can obtain valid significance bounds from all available DW
bounds Lauxes, prO'v’idcu appropnate au_juol.i’i’ieﬁta are made on the numbers of
observations and coefficients: in particular, we show that this adjustment
depends on the number of gaps in the data, not the number of missing
observations. We prove also that the test is locally most powerful invariant
(LMPI) against precisely the same alternative error distribution as the one for
which the standard DW test is locally most powerful invariant. Besides, one
method of computing the test allows the investigator to work as if the data set
were complete. If a bounds test is inconclusive, one can compute exact
probability tails by directly applying computer routines developed for the
standard DW statistic (in the complete sample case). The second test is
obtained by applying the same techniques to the modified DW statistic

cnoopqtpd by King (1 9812a): while rf-mammo computationallv convenient, this

gested by King (1981a): while remaining computationally convenient, thi
test has the neat property of being locally most powerful invariant against a
first-order autoregressive process on the errors.
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their distribution under the null hypothesis. Finally, in section 4, we show that
the tests suggested have optimal local power properties.

1See Wallis (1972), Dhrymes (1978, pp. 174-175), Savin and White (1978). For a long time, this
solution was suggested in the widely used TSP program [see Hall and Hall (1974, 1980)].
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2. Durbin—Watson statistics with missing observations

We consider the following regression model:
y=xB+u, t=1,...,n, (1)

where y, is the dependent variable, x, is a kX1 vector of non-stochastic
explanatory variables (k <n), B is kX1 vector of coeflicients, and u, is a
random disturbance. The TEEIessor matrix has full column rank and the i, ’s
are normally distributed with mean zero and the same variance. We wish to
test the null hypothesis (H,) that the errors u,, t=1,..., n, are independent

against an alternative of the form

U, =pu,_4 + £

—~—~
3]
—

ind

£,~N(O,02), lpl<1, t=0,41,...,
with

Hf:p>0 or H[:p<0.

Let B be the ordinary least-squares estimate of 8 and &,=y,— x,B, t=
1,..., n. When no observation is missing, the DW statistic is given by

=2(1—rl)~[(af+a3)/2 a,’-], (3)

where

Suppose now that a subset M of the observations is missing. Let S'=
{1,...,n}\M be the set of the available observations, m the number of

p]pmpntc mMO<m<n—Kk) and n, = n— m the number of elementsin S
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We assume also that S contains the observations at the ends of the sample
(t=1 and n) and thai the regressor matrix of the sample S has full column

1 I‘L',

rank. If we define
_ ’
*_[yt]IES’ X*_[xt]teS’

where the rows are put in chronological order (from top to bottom), the
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residuals obtained by running the regression on the incomplete sample are
given by

N

v*'_‘y*_X#B*E[ﬁz]zesa (4)

where
Be=(XiX\) 'Xiya

The d’ test of Savin and White (1978) is based on the standard DW statistic
obtained from this regression, ignoring the fact that observations are missing.
One sees easily that this yields an exact test.

A ‘gap’ in the data i1s a run (i.e., an uninterrupted set) of missing observa-
tions. Define the function A(r) as the length of the gap immediately following
an observation t. Clearly, s(¢)= 0 whenever the observation following ¢ is not
missing; the next non-missing observation after ¢ is t + 1 + A(¢). Let g be the
number of gaps in the sample (1 < g <m). If we define T=S\{n} and set
&, = 0 when observation ¢ is missing, we can write the 4’ statistic as

d/=2(1—r;)—[(f)%+‘3)/263], (5)
where

n
’_ PPN )
n= Z v,v,+1+h<,)/2 v
=1

teT

From the latter expression we see clearly that the estimate of the first
autocorrelation coefficient on which d’ is implicitly based contains compari-
sons of residuals separated by lags greater than 1. Clearly, autocorrelations
with opposite signs (at different lags) may tend to offset each other.

There is a simple alternative way of treating missing observations when
estimating serial correlation coefficients: it just consists of dropping the cross-
products where a missing observation would normally appear. This method
was used by several authors in the time series literature, mainly for estimation
purposes [see Jones (1962), Parzen (1963), Marshall (1980)]. A statistic sug-
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gested by this method is the following one:
tv=20-7)-|(et+ o) [ £ 5

n
= (f)t_ﬁwl)z/z ﬁrz’ (6)
where
n—1 i n
f1= Z atﬁt+1/zbtz;
t=1

since 9, = 0 whenever ¢ is missing, all cross-products involving a missing &, in
r, cancel. We will see below that tests based on d, may be performed in the
same way as standard DW tests, except for the critical values.

King (1981a) showed that a slightly modified DW statistic yields a LMPI
test of H, against autoregressive processes of order 1 (as opposed to an
approximately LMPI test). The procedure followed above to obtain d, can be
applied to this statistic. We then get

d6=do+[(0f+Af)/iﬁf]=2(1~fl), (7)

We see immediately that 4, is a simple function o
residuals. To obtain critical values, we will use an alternative method of
deriving the statistic d,, (section 3). From it, we will see that we can get valid
bounds for d, by using standard Durbin-Watson tables with n, + g observa-
tions and k + g regression coefficients (where n; is the effective number of
observations and g the number of gaps). Further, in many situations, we will
find that this alternative form of the test is computationally convenient to
obtain exact probability tails. The same remarks will apply to d{, provided one
uses an appropriate table.

nction of the least-squares

3. Null distribution

Consider the regression

y=xB+ L v8(1. k) +u, 1€SUK, (8)

i=1
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where K= {k,,...,k,}, k; is the index of the first observation in the ith gap
(k;#1,n), 8(t,s)=1if t =35, and 8(¢, s) = 0 otherwise.

Then, S U K is the set of all available observations plus the first observation
in each gap. Assume (provisionally) that y, and x/ for ¢ € K are also available.
If we estimate (8) by least-squares (with the observations in chronological
order), the estimate of B8 obtained is B., ie., the estimate of 8 based on the
available sample S, and the residuals are o, =y, — x/B,, for t€ S, and 5,= 0,
for ¢t € K. This is due to the inclusion of a dummy variable for each observa-
tion in K [see Salkever (1976), Dufour (1980)]. Further, one can check easily
that the Durbin—Watson statistic from this regression is identical with d; in
(6) and does not require knowing any value of y, or x, for ¢ € K (so that we do
not need the assumption that these are available). Since the model (8) has
n, + g observations and k + g coefficients and since all the conditions for the
DW statistic to have its standard distribution are satisfied, we can find valid
bounds for the critical values of this statistic by using a standard DW table
with n, + g observations and k + g coefficients. It is straightforward to see that
these bound corrections also apply to d{ provided one uses a table appropriate
for King’s (1981a) modification of the DW statistic.

We may note here that the technique of using observation-specific dummy
variables has been fruitfully applied in the past to deal with various problems:
missing observations [Bartlett (1937), Wilkinson (1960)], outlier detection
[Gentleman and Wilk (1975), John and Draper (1978)], prediction [Salkever
(1976), Fuller (1980)] and structural change analysis [Dufour (1980, 1981)]. The
tests derived in section 2 may be viewed as an application of this technique.

We can obtain the same DW statistic by introducing a dummy variable for
each missing observation (instead of only one per gap) and by estimating the
model

y=x/B+ Y ¥8(t,m;)+u, t=1,...,n, (9)

i=1

where m, is the ith missing observation. This suggests using n; + m and kK + m
(where m > g) for reading the table. However, the inconclusive region is then
generally wider than the one based on (7, + g,k + g), in the sense that the
latter will be contained in the former (as can be verified by looking at any
table). When one of the gaps contains several observations, the corresponding
region can actually be much wider, to the point of making the bounds test
practically useless. Thus the bounds obtained from (n, + g, k + g) are prefer-
able.?

2Durbin-Watson tests were used previously in the context of models that contain observation-
specific dummy variables [e.g. Dufour (1981), Honohan and McCarthy (1982)]. However, none of
these authors used the appropriate method of performing the bounds test.
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When the test based on d,, is inconclusive, it is possible to approximate the
critical values. Several approximations are discussed by Durbin and Watson
(1971). All these can be applied directly to d,, provided we consider the
extended models (8) or (9). A theoretically more attractive procedure is to

comniite the tail nrohahility accaciated with A the nhcerved value of A
COmMpuil il gl prodaciily assillawd Wil &g, ull OOSCIVEG vaiul Oi dyg.

a,=Pld, < d,) for a test against H;". We can do this in principle by using the
procedures described by Imhof (1961) or Pan Jie-Jian (1968). These methods
avoid inconclusive tests but may involve a heavy computational cost (in
programming or computer time).

Note here that, if we have an algorithm that computes tail probabilities of
the standard DW statistic for an arbitrary regression model, we can obtain the
tail areas of d, by simply considering one of the extended models (8) or (9).>
For the practitioner, this may be especially convenient.

Similar methods can be applied to obtain approximate critical values or
exact tail probabilities of the statistic dj. But algorithms must be adjusted
accordingly, since the statistic has a slightly differen

t structure.

4. Power

We will now examine some theoretical power properties of the tests sug-
gested above. From section 3, we know that the statistic d, can be viewed as
the standard DW statistic computed after estimating the extended model (9).
Using this fact, we will first see that d, has optimal power properties in the
context of this extended model. Then, we will show that a similar result
remains valid if we assume that the data are generated by the original model
(1) and restrict attention to test functions which do not depend on the missing
observations.

Following Durbin and Watson (1971, sec. 3), consider the alternative error
density

f(u)=K2exp(—Ei—5u’Bu), (10)

where u = (uy, u,,...,u,Y, K, is the appropriate normalizing constant and B
is a matrix such that

n n
wBu=(1+p*) Y ul—p(ul+u2)=20 Y uu, . (11)

t=1 =2

3Such algorithms are not widely available in statistical or econometric packages. One package
that does compute the marginal significance levels for the DW statistic is the SHAZAM package
[White (1978)].
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The density (10) is a close approximation of the error density when u
follows a stationary first-order autoregressive process [as described in (2)]. If
we assume that the data are generated by the extended model (9)-(10), we can
conclude from Durbin and Watson (1971) that the test with critical region
dy<dy(a) is a locally most powerful invariant test for testing Hy: p=0
against H': p > 0; d,(a) is the critical value for a test of level a. The group
of transformations G under which the invariance property holds is the set of
all transformations of the form

F=coy,+xb+ DM, t=1,...,n, (12)

where 0 <c¢y< +00, —o0 <b<+oo, j=1l,...,k, —0<d,<+0c0, i=
1,....,m, D,=[8(¢t,m)): meM], b=(b,....,b) and d=(d,,...,d,)); M
is the set of the m missing observations as defined in section 2. Further, when
the columns of the n X (k+ m) regressor matrix Z=[Z,,...,Z,], where
Z,=[x,, D/}, are linear combinations of k + m eigenvectors of B, the same
test is uniformly most powerful for testing H, against H [from Anderson
(1948)].

Let L be the set of possible probability distributions of y=(y,..., y,)
when (9) and (10) hold, and let V' be the class of test functions ¢( y) invariant
under all transformations in G. Distributions in L may be indexed by the
parameter vector 6 = (B8, v, 0, p), where B=(B,,...,8,)Y and y=(7,,...,%,,)-
The group G induces a group G on the parameter vector 8: when the
transformation (12) is applied to y, § becomes 8 = ( coB+ b, cyy +d, cyo, p).
We can see easily that S(8)= p is a maximal invariant under G and, thus, any
test ¢( y) invariant under G has a distribution which depends on the single
parameter p [see Lehmann (1959, p. 220)]. The level and the power function of
any test in ¥ do not depend on the values of 8, ¥ and o.

Since we are mainly interested in samples generated by the original model
(1) and where the observations in M are missing, we will now assume that the
distribution of y belongs to the class L, described by egs. (1) and (10) and
show that the test based on d; remains locally most powerful among invariant
tests which do not depend on the missing observations. In this case, we
consider the set V, of tests of the form ¢( y,) which are invariant under the
group G, of transformations

J,=coy, + x/b, t=1,...,n, (13)

where 0 <cy< +00, —w <h, < +00,i=1,....k; y,=1[y]), <5 is the vector
of available observations. A test of the form ¢( y,) can be viewed as a test
¢( y) where the missing observations are not used.
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Since D, = 0 for ¢t € S, any transformation in the group G can be written as
Ji=coy, +x/b if res,

=coy,+xb+d, if t=meM, (14)

where d; is an arbitrary real number and ¢, > 0. It is immediate from (14) that
any test of the form ¢( y,) which is invariant under G, is also invariant under
G: hence V; € V. Conversely, the fact that d,, i =1,..., m, can take arbitrary
values implies that any test ¢( y) invariant under the group G must be
invariant with respect to all possible changes of the missing observations: tests
in V" do not depend on the missing observations { y,: t € M } and thus have the
form ¢( y,). Further, if we set d =0, we see that any test invariant under G is
also invariant under G;. Hence V' C V¥, and since V; C V, we have V, = V.

Therefore, the test with critical region d, < dy(«a) is locally most powerful
for testing H against H among (level-a) tests which are invariant under G,
and do not depend on the missing observations. This holds irrespective of the
values of 8, y and o. Further, since L, is a subset of L (obtained by setting
v = 0), this property still holds if we assume that the distribution of y belongs
to L.

It is important to note here that the inclusion relationship L, C L may
suggest that a more powerful test, that would exploit the information y =0,
could be obtained.* As noted above, if the distribution of y belongs to L, the
family of invariant tests to consider is ¥; on the other hand, if the distribution
of y belongs to L, and observations are missing, it is natural to take ¥, as the
appropriate family of invariant tests. However, it turns out here that the sets V
and V, coincide. In other words, information about y only affects missing
observations which do not enter into the test statistics under consideration.
Then, since the distribution of any test in ¥ does not depend on the parameters
(B, v, 0) for any distribution in L (and thus in L,), the optimality of d; in V
under L implies its optimality in V; under L. The proof is thus complete.

It is easy to verify that the test based on d’ as well as all the other tests
considered by Savin and White (1978) are invariant under the transformation
groups described above. Therefore, the test based on d, is at least as powerful
and thus usuvally more powerful than each of these tests, at least in the
neighborhood of the null hypothesis. This holds when the alternative error
distribution is simply the same as the one postulated by Durbin and Watson
(1971, sec. 3).

Consider now the statistic d§. The latter is King’s modification of the DW
statistic obtained after estimating the extended model (9). Like d, it does not

“For an illustration of the fact that exploiting restrictions on regressions coefficients can increase
the power of the resulting autocorrelation test, see King (1981c).
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depend on the missing observations and is invariant under the groups G and
G,. In the context of the extended model and using theorem 3 of King (1981a),
we get that a critical region of the form dj < dj(a)isa LMPItestof Hy: p=0
against Hy": p >0, when the alternative error distribution corresponds to a

first-order autoresressive process as given in (2). Then. by an arsument

AAISIFOIUNL QUIDITEIWSSIVE  pPrOoClss BiVeal Aii R&y. aadlil, Uy ail algunialiiy

analogous to the one given above, we see that the test based on d{ is most
powerful at least in the neighborhood of the null hypothesis among all

ad Aocic - on 1

UlVdIldIlL iesis DdbCU on lIlC dVd.llleC ODbCIlelODb ll’lC lI'dIlblOI'IIldIlOIl gl'Ollp lS
defined by (13). This test has the neat property of being LMPI against the
standard model of stationary first-order autoregressive process. From this
point of view, it has a theoretical advantage over the tests considered by Savin
and White (1978) and the test based on d,. A similar result holds for the
problem of testing H, against H; : p <0; in this case, the critical region has
the form d| > d{/(a). On the other hand, we must keep in mind that the test is
not necessarily most powerful for all values of p. King (1981a, sec. 4) gives
examples showing that the standard DW test can become more powerful than

the mod1ﬁed test as the value of |p| increases.
In theory, tests based on dg are not more difficult to perform than those

Tl licahla t A7 + th
based on d,. However, tables applicable to d( are not as extensive as thosc

applicable to d; further, canned programs routinely compute the standard
DW statistic (and possibly, its tail probabilities) but do not produce the
modified statistic. Because of its convenience, we thus recommend the test
based on d, to practitioners.

Applications of the tests discussed in this article as well as further details on
their implementation are discussed in a working paper [Dagenais and Dufour
(1984)].
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